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Open cell materials with cubic anisotropy and structures made thereof are investigated with respect to
their linear viscoelastic properties, in particular their relaxation behavior. The study is concerned with
the prediction of the effective behavior which results from the isotropic bulk material properties as well
as the cellular architecture. Finite Element Method simulations of three-dimensional structures are
employed to predict the effective response to a wide range of loading modes in the time domain.
For predicting the properties of the cellular materials and structures by the Finite Element Method dif-
ferent modeling strategies are employed. The ﬁrst approach is a periodic unit cell method modeling an
inﬁnite medium by means of periodic boundary conditions. This way the entire effective linear viscoelas-
tic constitutive behavior can be computed. However, it is not possible to capture effects as being attrib-
uted to traction free faces and load introduction in specimens or structures. A second approach follows to
account for these effects by generating ﬁnite sample models to represent situations which occur in exper-
imental testing. Finally, an analytical constitutive material law is developed to model linear viscoelastic-
ity for cubic anisotropy in the time domain. It is implemented into the commercial Finite Element
software ABAQUS/Standard and the material parameters are gained from the unit cell investigations. This
enables the simulation of structures, parts, and components which consist or contain such cellular
materials.
 2012 Elsevier Ltd. All rights reserved.1. Introduction storfer et al., 2002) and various material non-linearities. Computa-Cellular materials and structures are widespread in nature, like
in bone, cork, and many other living organisms (Gibson, 2005). Re-
cently, cellular materials have gained increased importance in
engineering and biomedical applications (Banhart et al., 1999).
Their particular properties are governed by the internal cellular
architecture, which itself can have a tremendous variability and
complexity. A better understanding of the relation between archi-
tecture and cellular material properties is required for service-ori-
ented selection of existing materials. Moreover, such knowledge is
the basis for tailoring man made materials by designing them ade-
quately to show desired properties.
The present study deals with linear viscoelastic material behav-
ior, as it is commonly encountered in many biological tissues and
in many polymeric materials. The apparent effects of viscoelastic-
ity are, e.g., relaxation behavior under quasi-static loading and
damping behavior under cyclic excitation, see e.g., (Findley et al.,
1976; Nashif et al., 1985).
Various computational methods are available for predicting the
properties of cellular structures with given architecture (Rammer-ll rights reserved.
ax: +43 1 58801/31799.
. Pettermann).tional studies on open cell materials are presented, e.g., by (Gong
and Kyriakides, 2005; Roberts and Garboczi, 2002; Hohe and
Becker, 2003; Luxner et al., 2007, 2009a,b), but not treating visco-
elasticity. Special attention on the viscoelastic behavior is given in
Christensen and Feng (1983) and Gibson and Ashby (1988) based
on analytical approaches. Real structure architecture from com-
puted tomography is treated inWismans et al. (2009). Viscoelastic-
ity of specimens or samples is studied in Mills (2006), Fancello et
al. (2006) and Markert (2008) where the latter two give an in-
depth treatment of ﬁnite viscoelasticity in the framework of
numerical modeling.
The present investigations are carried out within the framework
of the Finite Element Method and on the basis of three different ap-
proaches to model cellular (or heterogeneous) materials. Their rep-
resentation can be thought as (i) on the material level, (ii) on the
level of small samples, e.g., for experiments, and (iii) on the level
of large structures composed by cellular materials.
Investigations on the materials level will be carried out by unit
cell methods (periodic microﬁeld approaches), see e.g., (Petter-
mann and Suresh, 2000; Böhm, 2004), and simulations of speci-
mens of limited size will be performed by modeling ﬁnite sized
samples. For both of these considerations discrete modeling of
the cellular structures is required in which the micro-geometrical
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ments. By nature of this approach, the model size is limited by
available computational resources.
To overcome this limit the behavior of a cellular structure can
be prescribed as a homogenized material by an appropriate consti-
tutive material model. The latter, however, has to have the ability
to predict the response to any loading scenario and any loading
history. The material parameters for such a constitutive law are
gained from periodic microﬁeld approaches. For the particular case
of linear viscoelasticity the entire constitutive behavior can be de-
duced this way. Note, that this, in general, is not possible when the
material model involves energy dissipation.
An appropriate constitutive law is developed and implemented
into FEM, allowing for the simulation of large components and
parts which are built of or contain cellular materials. Moreover,
parts can be treated in which the cellular architecture can change
from one location to another. By this approach the reliable predic-
tive capabilities of such models can be utilized in modern compu-
tationally aided design processes.
The study is based on a variety of generic cellular structures
which are designed and selected to capture a wide range of differ-
ent behaviors, in particular, different local deformation mecha-
nisms. Since they are three-dimensional assemblages of discrete
elements they possess some degree of mechanical anisotropy.
There are strict dependencies which relate geometrical symmetries
to the degree of elastic anisotropy (Nye, 1957). Thus, dealing with
cellular materials in most cases requires the handling of aniso-
tropic, i.e. direction dependent, properties. If a cellular material
shows isotropic behavior on the macro scale, that is only possible
for sufﬁciently large samples with statistically random arrange-
ment of struts.
Within the present study the generic structures to be aimed at
exhibit cubic material symmetry. So, a constitutive material law for
the description of the homogenized properties of such structures
must be formulated for cubic material symmetry. However, avail-
able FEM packages (e.g., ABAQUS, Ansys, FEAP) typically provide
isotropic linear viscoelasticity only, which is not sufﬁcient for the
present purposes.
In the following elasticity theory for cubic materials is reviewed
brieﬂy as well as linear viscoelasticity. Equations for the linear vis-
coelastic constitutive law for cubic material symmetry are given
and the implementation into ABAQUS/Standard v6.8 (Dassault
Systemes Simulia Corp., Providence, R.I., USA) is discussed. The ABA-
QUS interface only allows for formulations of constitutive material
laws in the time domain, but not in the frequency domain. Then,
the approaches based on the discrete modeling strategy are pre-
sented, numerical predictions are carried out, utilized as input
for the constitutive law, and results are compared and discussed.2. Cubic material symmetry
2.1. Linear elasticity
Anisotropic material behavior implies that the response to load-
ing is direction dependent. Isotropic materials, in contrast, show
responses which are independent of the loading direction. An in-
depth treatment of anisotropy of materials can be found in Nye
(1957).
Cubic material symmetry can be regarded as the one with the
lowest grade of anisotropy. The number of independent elastic
material parameters is three (in contrast to two for isotropic mate-
rials). Various sets of these three parameters can be given. Their
choice is not unique, but for particular problems the selection of
an appropriate set can markedly simplify the mathematical
treatment.The relation between stresses, rij, and strains, ekl, is given by
Hooke’s law,
rij ¼ Cijklekl with C ¼ f3K;2G;2Mg: ð1Þ
The elasticity tensor, Cijkl, for cubic material symmetry is a function
of three scalar valued, independent elastic moduli, e.g., the bulk
modulus, K, and the shear moduli, G and M. This is a convenient
choice for treating the present problem of viscoelasticity. Their rela-
tion to the stresses and strains is given in detail in Suquet and Born-
ert (2001) and is brieﬂy reviewed here.
The stress tensor, rij, can be split into the pressure and the devi-
atoric contribution as (using Einstein summation),
rm ¼ 13rii ¼ p sij ¼ rij 
rm 0 0
0 rm 0
0 0 rm
0
B@
1
CA; ð2Þ
where rm is the hydrostatic stress (i.e. the negative pressure p), and
sij is the stress deviator.
Likewise, the strain tensor, eij, can be decomposed into the vol-
ume change, evol, and the strain deviator, eij, as,
evol ¼ eii eij ¼ eij 
1
3 evol 0 0
0 13 evol 0
0 0 13 evol
0
B@
1
CA: ð3Þ
For cubic materials (in the coordinate system of the principal mate-
rial axes) (Suquet and Bornert, 2001) gives the following relations.
For the hydrostatic contribution the common equation holds,
rm ¼ Kevol: ð4Þ
The deviatoric contributions are separated into the ‘‘normal’’ devia-
toric components,
sij ¼ 2Geij for i ¼ j; ð5Þ
and the ‘‘shear’’ deviatoric components,
sij ¼ 2Meij for i– j: ð6Þ
Note that the constitutive relation is decomposed into the scalar
equation for the bulk behavior and into decoupled scalar equations
for the deviator components.
The shear modulus M can be interpreted as the well known
shear modulus with respect to the principal material axes. The
shear modulus G is related to normal loadings which do not in-
volve volume changes, i.e. shape changes without shear. One load
case which fulﬁlls this requirement is r11 ¼ r22;r33 ¼ 0. Note
that this load represents pure (or simple) shear with respect to a
coordinate system rotated by 45 around the 3-axis. Consequently,
G can be interpreted as shear modulus in the 45 direction (along
the face diagonal) with respect to the cubic material’s principal
axes. The same holds true for equivalent rotations around the other
principal axes, from which follow three equal shear responses. Or,
in other words, mutual exchange of the applied stress components
gives rise to three load cases with identical response.
Isotropy is attained if G ¼ M.
2.2. Linear viscoelasticity
For linear viscoelasticity the response is time dependent. Con-
ceptually, the stress response at time t reads in time domain (fol-
lowing the ABAQUS Manual),
rðtÞ ¼
Z t
0
Rðt  sÞ _eðsÞds; ð7Þ
where R is some relaxation modulus and _e is the strain rate. When
the stress and strain variables are interpreted in the sense of the
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dependent representations of the bulk and shear moduli as,
KðtÞ ¼ K0 1
X
i
kið1 expðt=sKi ÞÞ
" #
; ð8Þ
GðtÞ ¼ G0 1
X
i
gið1 expðt=sGi ÞÞ
" #
; ð9Þ
MðtÞ ¼ M0 1
X
i
mið1 expðt=sMi ÞÞ
" #
; ð10Þ
which employ Prony series expansion with instantaneous moduli,
K0;G0;M0, relative relaxation moduli, ki; gi;mi, and characteristic
times, sKi , sGi ; sMi , respectively, for the Prony terms with index i.
For the case of the bulk contribution, Eq. (7) reads together with
the bulk relaxation modulus,
rmðtÞ ¼ K0 evol 
X
i
ki
sKi
Z t
0
expðs=sKi Þevolðt  sÞds
" #
; ð11Þ
where the expressions in the summation are the contributions by
the Prony terms i to the volumetric ‘‘creep’’ strain,
evoli ¼ kisKi
Z t
0
expðs=sKi Þevolðt  sÞds: ð12Þ
Finally, the volumetric stress stain relation reads
rm ¼ K0½evol  ecrvol; ð13Þ
by introducing the volumetric ‘‘creep strain’’,
ecrvol ¼
X
i
evoli: ð14Þ
Equivalent relations can be given for the deviatoric behavior with
respect to GðtÞ and MðtÞ, which give rise to three equations for
the diagonal elements and three equation for the off-diagonal ele-
ments, respectively, of the stress and strain deviators.
The creep strain contributions, evoli (and their deviatoric equiv-
alents), are interpreted as state variables.
2.3. FEM implementation and single element tests
The ABAQUS interface for ‘‘user supplied material laws’’ UMAT
only allows for formulations of constitutive material laws in the
time domain. There is no interface for formulations in the fre-
quency domain, hence, solution schemes involving ‘‘steady state
dynamics’’ cannot be employed in combination with the UMAT.
The implementation follows the ABAQUS Manual pretty closely,
extensions and modiﬁcations concern cubic material symmetry.
The characteristic times, sKi ; sGi ; sMi , need not to be equal for Prony
series since their effects are entirely separated. The maximum
number of Prony terms is set to 13. No temperature dependence
is included.
Extensive single element testing has been conducted to verify
the implementation. Since the effects of the contributions by the
bulk behavior and the two shear behaviors can be decoupled, these
effects have been tested separately. As reference solution the re-
sponse of the ABAQUS internal material is used. This is also possi-
ble for veriﬁcation of the response of a cubic constitutive law as
follows. For the pure bulk behavior, i.e. hydrostatic loading, there
is no difference whether an isotropic or a cubic material is loaded.
For the two shear behaviors the decoupling properties can be
utilized to deﬁne loading scenarios in which either solely G or so-
lely M will be ‘‘activated’’. If a cuboidal (or orthogonal) single ele-
ment is aligned with the principal material system a pure (or
simple) shear will act on M only. The response pertinent to G can
be exited by pure (or simple) shear along a face diagonal. The lattercan be produced on such a single element by applying the principal
stresses as rI ¼ rIII and rII ¼ 0 (likewise for strains). If the mate-
rial system is rotated with respect to the cuboidal single element
by 45 with respect to one axis (the other axes coincide with the
face diagonals of the single element), G and M mutually exchange
their role under the loading conditions described above.
Finally, arbitrary load cases have been performed in which the
single element is loaded by a nodal force acting on a single node.
This was done with various directions of the force as well as with
various material orientations.
For all cases the response has been compared to the solution by
the ABAQUS built-in material and was found to be equal (within
numerical precision). For these test runs multiple increments and
multiple number of Prony terms have been used.3. Cellular architectures and homogenization
Various generic cellular architectures are investigated which
comprise structures of the type Simple Cubic, Gibson Ashby, Kel-
vin, Body Centered Cubic, and Reinforced Body Centered Cubic.
Fig. 1 shows their smallest periodic base cells. They are built from
struts with circular cross sections and possess a relative density of
10%. Perfect geometry is assumed which gives rise to cubic mate-
rial symmetry (Nye, 1957). The strut material is a polymer which
can be processed by rapid prototyping (Stampﬂ et al., 2004). For
the present study it is taken to be isotropic linear viscoelastic, with
the long term elastic Young’s modulus, E1 ¼ 118 MPa, and Poisson
number, m1 ¼ 0:4. The relaxation behavior is given in terms of one
Prony term in shear with a characteristic time, sG ¼ 3 s, and
relative relaxation shear modulus, g ¼ 0:791. The bulk modulus
does not show relaxation, i.e. k ¼ 0. For the theoretical study, in
particular the investigations on the relation between cellular archi-
tecture and effective behavior, only one Prony term was chosen.
For considerations involving longer relaxation times or responses
in shorter time additional Prony terms can be added in a straight-
forward manner.
These cellular structures are analyzed in two different ways.
First, periodic unit cell investigations (see e.g., Luxner et al.
(2005)) are carried out, by which an inﬁnitely repeating pattern
of the cellular architecture is simulated. The base cells as shown
in Fig. 1 are used as unit cells (i.e. representative volume elements)
on which fully periodic boundary conditions are applied (Petter-
mann and Suresh, 2000). This way, a regular periodic microstruc-
ture can be modeled without imposing any over or under
constraints. Macroscopic loading and reading of the unit cell’s re-
sponse is treated via master nodes. Details of this approach, also
called ‘‘periodic microﬁeld approach’’ can be found e.g., in Böhm
(2004). This way the material behavior is predicted under uniform
far ﬁeld loads without any inﬂuence of gradients, free faces, and
load introduction. Also, this approach allows to conduct a full char-
acterization of the linear viscoelastic behavior, which later can be
utilized as input to the constitutive material law. Note, that such
a periodic microﬁeld approach has been employed as well to pre-
dict the entire constitutive behavior with respect to piezo-elastic-
ity (Pettermann and Suresh, 2000), thermoelasticity (Duschlbauer
et al., 2006), and thermal conductivity (Duschlbauer et al., 2003).
The second approach deals with models of ﬁnite size to simu-
late the effects of load introduction, free faces, and (possibly) open
cut base cells. This way the situation in experimental setups with
rather small specimens is investigated. The (virtual) sample size
is taken to consist of 8  8  8 base cells which is along the lines
of experimental studies (Stampﬂ et al., 2004) conducted earlier.
Loading conditions are of the type of ‘‘uniaxial stress’’, such that
(virtual) specimens are modeled which possess various orienta-
tions of the principal material axis with respect to the loading
Fig. 1. Base cells of Simple Cubic (SC), Gibson Ashby (GA), Kelvin (kV), Body Centered Cubic (BCC), and Reinforced Body Centered Cubic (RBCC) structures with 10% relative
density.
Fig. 2. Predicted Young’s modulus relaxation function vs. time for inﬁnite media of
Simple Cubic (SC), Body Centered Cubic (BCC), Gibson Ashby (GA), Kelvin (kV), and
Reinforced Body Centered Cubic (RBCC) structures for ﬁne and coarse FEM meshes.
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duction are thought as having rather massive plates attached to
the struts. As such, all displacement degrees of freedom at the bot-
tom of the structure are locked. At the top face all displacements in
loading direction are equal, and the lateral displacements are
locked. Details of both approaches can be found in Luxner et al.
(2007, 2005).
To perform the FEM simulations the geometries are discretized
by tetrahedral continuum elements with quadratic interpolation
functions. The element edge length is chosen as one half of the
strut diameter. For convergence studies much ﬁner meshes are
used, too, with six elements over the strut diameter and additional
reﬁnement in the vicinity of the vertices. Beam element discretiza-
tion is not sufﬁcient for the present studies, since standard beam
elements do not account for non-linearities in the shear contribu-
tions. Thus, the effect of viscosity would be underestimated for the
beam slenderness ratios in the present study.
Finally, the developed constitutive material law is applied along
with the homogenized material data gained from the unit cell pre-
dictions. For this purpose the simple specimen’s geometry is mod-
eled by 20  20  20 continuum elements which, of course, gives
much smaller FEM problems sizes. The boundary conditions are
equivalent to the discretized ﬁnite models. The difference to the
discretized models is, that locally disturbed deformations in base
cells is not accounted for, e.g., caused by open cut cells. Further-
more, with the homogenized material no length scale ratio be-
tween sample size and base cell size can be given. In fact, this
ratio tends to inﬁnity, or, in other words, ‘‘separation of length
scales’’, see e.g., Böhm (2004), holds true.
4. Results and discussion
The mesh convergence study showed that the coarse mesh is
sufﬁciently accurate for the present studies since the differencesin the predicted relaxation plots are hardly notably, i.e. they are be-
low line width.4.1. Inﬁnite media
The periodic unit cell simulations give rise to the effective relax-
ation behavior of the inﬁnite media. First, the predicted Young’s
modulus relaxation function is given in Fig. 2 for the principal
material direction. The inﬂuence on the instantaneous and the long
term elasticity is obvious. Similarly, the bulk relaxation function
(under volumetric strain step loading) is shown in Fig. 3. Note that
the strut material is assumed to possess no bulk relaxation. Next,
shear behavior is treated in terms of the two relative relaxation
functions, Figs. 4 and 5. There is a difference to the corresponding
Fig. 3. Predicted bulk modulus relaxation function vs. time for inﬁnite media of
Simple Cubic (SC), Body Centered Cubic (BCC), Gibson Ashby (GA), Kelvin (kV), and
Reinforced Body Centered Cubic (RBCC) structures for ﬁne and coarse FEM meshes.
Fig. 4. Predicted relative shear modulus relaxation function g vs. time for inﬁnite
media of Simple Cubic (SC), Body Centered Cubic (BCC), Gibson Ashby (GA), Kelvin
(kV), and Reinforced Body Centered Cubic (RBCC) structures as well as the strut
material.
Fig. 5. Predicted relative shear modulus relaxation function m vs. time for inﬁnite
media of Simple Cubic (SC), Body Centered Cubic (BCC), Gibson Ashby (GA), Kelvin
(kV), and Reinforced Body Centered Cubic (RBCC) structures as well as the strut
material.
Table 1
Linear viscoelastic Prony parameter extracted from the predicted unit cell response of
Simple Cubic (SC), Body Centered Cubic (BCC), Gibson Ashby (GA), Kelvin (kV), and
Reinforced Body Centered Cubic (RBCC) structures with cubic material symmetry.
SC BCC GA kV RBCC
K sK1 [s] 4.186 4.200 3.879 4.272 4.176
k1 0.7080 0.7067 0.7238 0.7018 0.7086
K0 [MPa] 6.623 5.482 2.246 8.725 6.194
G sG1 [s] 3.632 3.700 3.605 3.837 3.703
g1 0.7453 0.7412 0.7450 0.7266 0.7412
G0 [MPa] 9.101 3.112 2.193 2.661 4.401
M sM1 [s] 3.980 3.684 3.593 3.715 3.713
m1 0.7157 0.7422 0.7453 0.7362 0.7398
M0 [MPa] 0.448 4.585 0.623 2.045 3.449
E sE1 [s] 3.790 3.762 3.669 3.873 3.785
e1 0.7346 0.7369 0.7401 0.7244 0.7355
E0 [MPa] 18.732 8.048 4.966 7.247 10.667
ig. 6. Predicted Young’s modulus relaxation function vs. time for the Kelvin
ructure represented by an inﬁnite medium, a discretized ﬁnite sample, and a ﬁnite
mple with homogenized material (‘‘UMAT’’).
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does not scatter much. For the ‘‘g’’-behavior the Kelvin cell shows
somewhat higher values and for the ‘‘m’’-behavior the Simple Cu-
bic is a higher outlier, which reveal a mild inﬂuence of the struc-F
st
sature on the relaxation response. Besides the visualization by relax-
ation curves, the predictions are evaluated in terms of effective
Prony parameters, as listed in Table 1, They are computed based
on least squares ﬁt, using the ABAQUS capabilities for relaxation
data calibration. These material parameters fully prescribe the
effective (homogenized) constitutive behavior of cubic linear vis-
coelasticity. Note, that also for the effective behavior the Prony ser-
ies expansion contains one term only.4.2. Finite samples
The ﬁnite samples which are loaded in principal material direc-
tion are discussed ﬁrst. Two modeling strategies are applied, i.e.
discrete modeling of all struts and representation of the effective
material behavior by the constitutive law. As example, the Kelvin
structure is considered showing some general features which ap-
ply to the other investigated structures as well. The predicted
Young’s modulus relaxation functions are given in Fig. 6. Compar-
ison to the unit cell predictions for the behavior of the inﬁnite
material shows a stiffening of the ﬁnite samples. This is caused
by the chosen load introduction which suppresses lateral deforma-
tions. The effect which would cause the response to be more com-
pliant is not prevailing, i.e. the traction free faces and barreling
type overall deformation play a minor role. The almost identical re-
sponse of the two ﬁnite models shows that local cell deformations
H.E. Pettermann, J. Hüsing / International Journal of Solids and Structures 49 (2012) 2848–2853 2853(e.g., at the edge of the load introduction) are not pronounced.
Open cut cells are not present in this example.
The predicted characteristic relaxation time is nearly the same
for all three responses.
Further investigations concern the response of ﬁnite samples
with various orientations. This includes cases for which normal
loading causes lateral deformation (i.e. coupling between normal
stress and shear strain). The decision whether or not the lateral
deformation should be constrained has a pronounced inﬂuence
on the predicted ‘‘relaxation function’’, and is of interest for exper-
iments, too. For the Simple Cubic structure in a [021] orientation
(i.e. a rotation by some 26) the corresponding change in stiffness
is by a factor of two. For rotated Simple Cubic samples, the discrete
models show a somewhat lower stiffnesses than the approach with
the homogenized material. This is attributed to the effect of open
cut cells which is not accounted for in the latter approach. It is
noted, however, that the orientations are chosen to keep the inﬂu-
ence limited.
As in the aligned ﬁnite samples the response is rather deter-
mined by the elastic behavior representing the cellular architec-
ture and their anisotropy. The relaxation characteristics are quite
independent of the cases studied here.
More results can be found in Hüsing (2011).5. Conclusion
A variety of generic open cell structures built by linear visco-
elastic strut material is studied with respect to the effective relax-
ation behavior. Computational predictions on their homogenized
anisotropic linear viscoelastic constitutive response are carried
out in three ways within the framework of the Finite Element
Method, (i) by periodic unit cell simulations, (ii) by models with
full discretization of ﬁnite samples, and (iii) by ﬁnite samples
employing an homogenized constitutive material law. The latter
is developed and implemented for cubic material symmetry.
Predictions show that the effective response is mainly deter-
mined by the elastic behavior of the various structures. The relax-
ation characteristics is found to be not very dependent on the
speciﬁc cellular architectures. However, comprehensive predic-
tions are enabled by computing the entire behavior of cellular
material as well as for simulations of components built from cellu-
lar materials. For the latter, the constitutive material law allows for
large scale structural analyses including spatial variation of orien-
tation, relative density, and other material related alterations. The
required material characterization can be based on unit cell predic-
tions entirely.
Simulations in the frequency domain to predict the damping
behavior can be carried out in straightforward manner by the unit
cells and discretized ﬁnite models. The former allowing for predic-
tion of the entire material characterization with respect to steady
state dynamics problems. The developed constitutive law, how-
ever, cannot be applied in frequency domain simulations.Acknowledgments
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